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Abstract—Constitutive equations of centrosymmetric and non-centrosymmetric anisotropic
friction defined in the preceding companion paper are completed with illustrative examples.
Figures illustrate different frictional anisotropy classes and the influence of anisotropic friction
on a material point motion.

l. INTRODUCTION

The paper by Zmitrowicz (1992) formulated constitutive equations for centrosymmetric
and non-centrosymmetric anisotropic friction. The general constitutive equation of aniso-
tropic friction has the following form

t=—N{{Cy+C, cos(na)+C,sin(mz)]v+--+[C,, +C,, cos (n,a,)
+C,osin(m,a)] (v®...®v). ()
\._ﬂ_l

2n — L copies

where, t is the friction force vector, v is the sliding velocity unit vector, Ci(i = 1,2,...,n;
k =0,1,2) arc constant friction tensors of the order 24, s, and m, are parameters of the
trigonometrical functions. Here, we will analyse dillerent simplified forms of eqn (1),

Definitions of anisotropic friction charuacteristic quantities, i.e. the inclination angle
(8), the friction coeflicients (g,, ur), principal, ncutral and extremal value directions, the
friction force hodograph, symmetries (rotations, mirror reflections) and anisotropic friction
types (isotropic, orthotropic, tetrogonal anisotropic) are given in Zmitrowicz (1992). The
investigations reported here are a continuation of the previous paper.

In the present work we are concerned with illustrative examples and representations
of some properties of the centrosymmetric and non-centrosymmetric friction by diagrams.
Furthermore, an analysis of the motion of a matcrial point in a surface with anisotropic
friction properties is presented. We use the same notation as in Zmitrowicz (1992) and we
refer to that work.

2. CENTROSYMMETRIC ANISOTROPIC FRICTION

Illustrations of lincar and non-lincar models of anisotropic friction with constant
friction tensors are given by Zmitrowicz (1989). Here, they are completed for two particular
cases, i.e. axisymmetric and unidirectional anisotropic friction. In these cases the friction
equation has the following form:

t= —NC”,V. (2)

We may take any real numbers as the second order friction tensor coefficients, with the
restriction that the friction tensor is positive definite. Generally, the following matrix

ci Cﬁ]
=/ L] k=012 3
[Cu] [Ck.l cp | k=01 3)
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is a representation of the second order friction tensors C . As an example we take the
friction coefficient values which are typical for friction in metals. We consider the following
cases: axisymmetric anisotropic friction (Cy' = C5* =0.13; C)* = —C;' =0.03) and
unidirectional anisotropic friction (Cy' = Cy° = C5' = C;3° = 0.05) (Figs 1. 2).

Three examples of centrosymmetric anisotropic friction with friction tensor coefficients
depending on the sliding direction are given. Let the friction force equation restricted to
two second order tensors take the form

= —N[C|0+C|| COs (4‘1(.)]V. (4)

Using C,y, C,, orthotropic (C§' =0,09: C5° =0,13; C|' =0,04;: C}* =0.03) we get
friction with two orthogonal principal directions (Fig. 3). The friction force hodograph is
not an ellipse. The group of symmetry is typical for octhotropy.

Let us take the following friction force equation:

t = —N[C|0+C||COS(21l.)]V. (5)
where C,,, C,, areisotropic (C}' = C3* = 0.1:C}' = C{* = 0.03). Then we have friction
with an infinite number of principal directions (. f equal to zero) (Fig. 4). In this case,

there are two mirror reflections with respect to extremal value directions.
We consider the constitutive cquation with sccond and fourth order tensors in the

following form:

t=—N{Cyw+[Cy+Crsin(42)](v B v ® V). (6)

Sixteen elements of the representation of the tensor Cy, can be arranged in a table:

11 22 21 12
C;‘““ Ckll'!! ('kllZI Ckllll ll
[Czk] - Ci:“ CI‘ZZEZ C~k222l Cklll.‘. 22‘ /( - 0’ l,2 (7)
Czlll CkZIZZ Ck?.lll C/S“l 2[
Ckllll CkIZZZ Ckl22l Cklzll 12
They are ordered by pairs of indices. Using C,, isotropic (C}' = C3* = 0,07) and C,y, Cs,
tetragonal anisotropic
(C(l)lll = C(L;llz = 2célll - 2C§122 — 0.02: C(I,IZZ = C(Z)le = zcélll = 2C§:” - 0,08,
CSIJI — 6212=2C§l2|=2C£:I2=0,0|; C6III=C(K,1“=2C§”3=2C§12I=0,06)

we obtain friction with a four-fold rotation axis (Fig. 5). Therc are no mirror reflections in
this case.

In the examples only the non-zero elements of the tensors are given.

Figures 1-5 show the following plots: (a) the friction cocflicient uf, (b) the friction
cocfficient g, referring to polar coordinates, (c) the inclination angle f, and (d) the friction
force hodograph with respect to an orthogonal reference system. Principal directions of
friction (dash—dot line) and zeros of the function § = f(x,) are shown in the figures.

Anisotropic friction in a contact between two bodies changes the nature of the relative
motion of the bodies. Here, we analyse properties of a material point motion in a plane
with frictional anisotropy. Figures 6-10 present trajectories of the material point motion
in the plane with frictional properties shown by Figs 1-5, respectively.

The following equation describes motion

mq =t, (8)
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Fig. 1. Hlustration of the axisymmetric anisotropic friction : (a) friction coeflicient u; ; (b)
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{b) friction coeflicient g, ; (¢) inclination angle f§; (d) friction force hodograph.

Fig. 2. Hlustration of the unidirectional anisotropic friction: (a) friction coeflicient pu) ;
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Fig. 4. lllustration of the centrosymmetric anisotropic friction with an infinite number of
principal directions: (a) friction coeflicient pu} ; (b) friction coeflicient g, (¢) inclination
angle f; (d) friction force hodogruph.
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Fig. 3. lllustration of the centrosymmetric anisotropic friction with two orthogonal principal
directions: (a) friction coeflicient u] ; (b) friction coefficient y,; (c) inclination angle §;
(d) friction force hodograph.
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Fig. 5. llustration of the centrosymmetric anisotropic friction with a four-fold rotation axis:
(a) friction cocflicicnt u) ; (b) friction cocfficient y,; (c) inclination angle #; (d) friction force
hodograph.

where m is the mass of the material point, q its position vector and t the friction force
vector. The velocity q, is taken as the initial condition of motion. Different directions of
the initial velocity are analysed. They are given by the angle «,,

[q()] = [l]o COSs oy q.o Sin ao]T (9)

and specified in the figures. The non-linear eqn (8) is solved by means of the Runge-Kutta
fourth-order method.

The material point motion is a retarded motion if the friction force acts. The length of
the point trajectory depends on the frictional resistance. Intervals between points on the
trajectory shown in Figs 6-10 correspond to constant time intervals (0,2s). In the case of
unidirectional friction (Fig. 7), the point has so much initial energy that it achieves fric-
tionless direction. Next, the point moves uniformly towards infinity.

The trajectory is a segment collinear with the principal direction of friction when the
motion occurs in this direction. If all sliding directions are principal (Fig. 9), then all
trajectories are segments of lines. The trajectories are curved if a normal component of the
friction force acts.

3. NON-CENTROSYMMETRIC ANISOTROPIC FRICTION

We consider examples of non-centrosymmetric anisotropic friction described by fric-
tion tensor coefficients depending on the sliding direction. Let the friction force equation
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Fig. 8. Motion of & muterial point in a plane with centrosymmetric anisotropic friction with two
orthogonal principal directions,

be given by
t= “N(Cm‘f‘C“COSZ‘.)V. (:0)

If tensors C,, C,, are anisotropic without principal directions (C}' =2C}' =0,12;
Ci¥=2C1= ~0,06;C} =2C =0,02; C§ = 2C}* = 0, 14) then we have anisotropic
friction without principal directions and with one neutral direction (Fig. 11). If C,,, C},
are anisotropic with one principal direction (C§' =2C}' =0,1; C§* =2C}* = —0,02;
Ci' =2Ci' =0,02; C3* = 2C3* = 0,06) then we get anisotropic friction with one prin-
cipal direction and one ncutral direction (Fig. 12). Using C,, C,, orthotropic
(C8' =0,12:C3¥=0,1:C}" =0,09; C} = 0,06) we have friction with two orthogonal
and two unidirectional principal directions, and with one neutral direction (Fig. 13).
Let us consider the friction force equation in the following form

t = —N[C,y+C,, cos (3z)]v. (1
If tensors C,,, C,; are isotropic (C}' = C3°=0,1; C}' = Ci* = 0,03) then eqn (11)
defines friction with an infinitc number of principal and three neutral directions (Fig. 14).

We take the following constitutive equation with fourth order tensors

t= ~N[Ciov+(Cap+Cricosa )R v & v}]. (12)
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Fig. 10. Motion of a material point in a plane with centrosymmetric anisotropic friction with 2
four-fold rotation axis.

Using C,, isotropic (Cy' = C3*=0,07) and C,. C,, tetragonal anisotropic
(C(l)!ll = C‘Z)ZZZ - zcill! o 2cf222 - 0’02; C‘l)ln - Cé:!l - 2ci122 = Zcf.’.u — 0,08;
C(Z)III — C(\]ZRZ = ZCJl’.IZt - 2c:2)2 - 0.0l; (2)“2 = C(I)MI - chnz = 2C:221 - 0,06) we
obtain friction with four principal directions and one neutral direction (Fig. 15).

Only the non-zero elements of the tensors are given.

Principal (dash—dot line) and ncutral (broken line) directions of friction and zeros of
the function # = f(«,) are shown in Figs 11-15.

Figures 16-20 present trajectories of the material point motion in the surface with
frictional anisotropies described by models without central symmetry. The frictional prop-
erties of the surface are shown in Figs 11-15. The trajectories have finite length and the
material point motion is a retarded motion.

4. CONCLUSIONS

(1) Constitutive equations for anisotropic friction enable prediction of the behaviour
of a contact that can be confirmed by experimental obscrvations. It might be expected that
future investigations will give new experimental data on anisotropic friction. Then an
adequate quantitative comparison of experimental and theoretical results will be possible.

(2) The anisotropic friction models have a wide range of applications due to their
general character and can be used in a computer simulation of the phenomenon and in
practical numerical calculations of contact, rubbing and tribological problems.
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Fig. 11 MHustration of the non-centrosymmetric anisotropic friction without principal direc- Fig. 12, Hustration of the non-centrosymmetric anisotropic friction with one principal
tons: (4) friction coetlicient ;) 5 (b) friction coeflicient g, (¢) inclination angle fi; (d) direction : (a) friction coeflicient g} ; (b) friction coellicient g, ; (¢} inclination angle ff; ()

friction force hodogruph. triction force hodograph.

+<0¢

ZIIMOULING Y



(v) ; 90°

I "n
1

1

t

|

.05
180° i 0 ? 0°

€

t

1

i

]

1

i

1 270°

t‘

270" 360°

Fig. 13. Mustration of the non-centrosymmetric anisotropic friction with two orthogonal
principal directions and two unidirectional principal directions : (a) friction coeflicient g} |
(b} [riction coeflicient g, ; (¢} inclination angle ff; (d) friction force hodograph.
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Fig. 14. Hlustration of the non-centrosymmetric anisotropic (tiction with an infinite number
of principal directions : (a) friction coctlicient g ; (b) friction cocllicient g, ; {¢) inclination
angle fi; (d) friction force hodograph.
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Fig. 15. Illustration of the non-centrosymmetric anisotropic friction with four principal
directions: (a) friction coefficiem pu} ; (b) friction coefficient y,; (c) inclination angle 8; (d)

friction force hodograph.
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Fig. 16. Motion of a material point in a plane with non-centrosymmetric anisotropic friction
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Fig. 17. Motion of & material point in a plane with non-centrosymmetnc anisotropic friction

with one principal direction.
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Fig. 19. Motion of a material pointin a plane with non-centrosymmetric anisotropic friction

with an infinite number of principal directions.
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Fig. 20. Motion of a material point in i plane with non-centrosymmetric anisotropic friction
with four principal directions.
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